Abstract. We calculate neutron star's moment of inertia and deformabilities using various microscopic equations of state for nuclear and hybrid star configurations. Correlations between the various observables are examined and we confirm several universal relations. We focus in particular on the constraints for the neutron star radii imposed by a determination of the average tidal deformability of the binary neutron star system GW170817. We find compatible radii between 12 and 13 kilometers and identify the suitable equations of state.
Introduction
Neutron star (NS) observations allow us to probe the equation of state (EOS) of nuclear matter [1] well beyond the densities available in terrestrial laboratories. For example, observations of the NS mass-radius relation [2] [3] [4] [5] and the mass-moment-of-inertia relation [6] can be used to infer the NS EOS within a certain observational uncertainty. While the masses of several NSs are known with good precision [7] , information on their radii is currently scarce and not very accurate [5, [8] [9] [10] [11] . However, simultaneous measurement of both quantities for several objects is required in order to constrain the EOS of NS matter and allow conclusions regarding the composition of matter under such extreme conditions.
The recent observation of gravitational waves emitted during the merger of two corotating NSs [12] has opened the door to new possibilities of obtaining information on the structural properties of these objects, most prominently their masses and radii. Binary NSs are, in fact, one of the most promising GW sources [13, 14] for ground-based, secondgeneration detectors, such as Advanced LIGO [15] and Advanced VIRGO [16] .
Comparing the observed GW signal with theoretical simulations, some NS observables have been identified as easily constrainable by a wave-form analysis. Apart from the chirp mass [17] 
1/5 of the binary NS system, in particular the tidal deformability [18, 19] λ ≡ Q i j /E i j , which measures the quadrupole deformation linear response to a (weak) external gravitational field, could be well constrained by the new data. In fact upper [12] and lower [20] limits on the dimensionless quantity Λ ≡ λ /M 5 have been deduced. It is therefore of interest to examine these quantities and their relations with other observables in theoretical calculations of the EOS, and numerous studies have already been performed in this sense [2] [3] [4] [20] [21] [22] . Also our current work follows this motivation and we provide in this article the results obtained with several 'microscopic' EOSs, i.e., those based on many-body calculations employing fundamental free interactions, as opposed to phenomenological EOSs with parameters fitted to properties of nuclear matter and finite nuclei around saturation density, and extrapolated to high density relevant for NSs [23] .
In particular we examine several EOSs [24] obtained within the Brueckner-Hartree-Fock (BHF) approach to nuclear matter [25, 26] , and compare with the often-used results of the variational calculation (APR) [27, 28] and the Dirac-BHF method (DBHF) [29] [30] [31] . Two phenomenological relativistic-mean-field EOSs are included for comparison: LS220 [32] and SFHo [33] . Furthermore we also examine exotic variants containing hyperons [34] [35] [36] [37] [38] , as well as hybrid stars obtained by allowing a Gibbs phase transition to quark matter (QM) at high density. We model the quark phase in the Dyson-Schwinger (DS) model [37] [38] [39] [40] [41] [42] , and construct the phase transition to each of the nucleonic BHF models, thus yielding 16 different EOSs.
A stringent constraint on the EOS via the mass-radius relation would be the measurement of both mass and radius of the same object [2] [3] [4] [5] . However, observations of NS radii are indirect and the determination of the radius is affected by several uncertainties (e.g., composition of the atmosphere, distance of the source, magnetic field; see, e.g., [43] [44] [45] [46] . Therefore precise estimations of NS radii are very difficult because more model dependent than those of masses. Currently, the most reliable constraints can be inferred from observations of transient low-mass X-ray binaries (LMXBs) in globular clusters, because their atmospheres can be reliably modelled and their distances can be accurately determined. Constraints can also come from observations of type-I X-ray bursts [2] [3] [4] , but this kind of analysis is still a matter of debate [7, 8, [47] [48] [49] . Further information on radii could also be inferred from X-ray pulsation in millisecond pulsars [50] . Future high-precision telescopes and missions like NICER [51] [52] [53] , ATHENA+ [54, 55] , and SKA [56, 57] are expected to improve our knowledge on the NS mass-radius relation.
The paper is organized as follows. In Sec. II we give a brief overview of the hadronic and hybrid EOSs we are using. In Sec. III we specify some technical details regarding the computation of moment of inertia and tidal deformability. The numerical results obtained for those quantities along with the mass-radius relation are presented in Sec. IV for the different EOSs, where we also investigate correlations with M and R and scrutinize various universality relations. Sec. V contains the conclusions.
Equations of state
In this section we will briefly discuss the EOSs used in this paper, which are mainly microscopic EOSs based on many-body calculations. For nuclear (hadronic) matter we resort to the BHF many-body theory with realistic two-body and three-body nucleonic forces, which has been extensively discussed in Ref. [25, 26] . In particular we examine several EOSs [24] which are based on different nucleon-nucleon potentials, the Argonne V 18 (V18, UIX) [58] , the Bonn B (BOB) [59, 60] , and the Nijmegen 93 (N93) [61, 62] , and compatible threenucleon forces [63] [64] [65] [66] [67] [68] as input.
The BHF theory has also been extended with the inclusion of hyperons, which might appear in the core of a NS. The hyperonic EOS in this theory turns out to be very soft, and this results in too low NS maximum masses [34] [35] [36] [37] [38] , M < 1.7 M ⊙ (M ⊙ ≈ 2 × 10 33 g), well below the current observational limit of about two solar masses [69] [70] [71] . Nevertheless, such EOS could be realized in the so-called two-families scenario in which the heaviest stars are interpreted as quark stars, whereas the lighter and smaller stars are hadronic stars [72] [73] [74] [75] [76] . We consider two EOSs containing hyperons, which will be labelled as BOB(NN+NY) [34, 35, 37, 38] and V18(NN+NY+YY) [36] .
For completeness, we also compare with the often-used results of the Dirac-BHF method (DBHF) [29] [30] [31] , which employs the Bonn A potential, and the APR EOS based on the variational method [27, 28] and the V 18 potential. Two phenomenological relativistic-meanfield EOSs are also used for comparison: LS220 [32] and SFHo [33] .
As far as the hybrid-star EOS is concerned, it is widely known that the EOS for QM remains uncertain. Whereas the microscopic theory of the nucleonic EOS has reached a high degree of sophistication, the QM EOS is poorly known at zero temperature and at the high baryonic density appropriate for NSs, because it is difficult to perform first-principle calculations of QM. Therefore one can presently only resort to more or less phenomenological models for describing QM, such as the MIT bag model [77] or the Nambu-Jona-Lasinio model [78] [79] [80] .
The Dyson-Schwinger equations provide a nonperturbative continuum field approach to QCD that can simultaneously address both confinement and dynamical chiral symmetry breaking [81, 82] . In Refs. [37] [38] [39] [40] [41] [42] we developed a Dyson-Schwinger model (DSM) for deconfined QM based on this formalism, which was combined with the BHF approach for the hadronic phase in order to model NSs. We model the quark phase in the DSM with an interaction parameter α = 1, 2, 3, 4, see Refs. [37] [38] [39] [40] [41] [42] for details, and construct the Gibbs phase transition to each of the nucleonic models. This yields 16 different EOSs (BOB, V18, UIX, N93) ⊗ (DS1, DS2, DS3, DS4), which differ essentially by their onset density of the QM phase and the associated NS maximum mass.
Properties of the various NS configurations constructed with the considered EOSs are listed in Table 1 , i.e., the value of the maximum mass, the corresponding radius, the radius of the 1.4 M ⊙ configuration and its tidal deformability Λ 1.4 , which will be extensively discussed in Sect. IV. We mention that for the calculation of stellar structure we used the EOSs of Refs. [83, 84] for the outer crust and [85] for the inner crust. The choice of the crust model can influence the radius predictions to some extent, but only for very light stars [86] . As far as the hybrid stars are concerned, it is an important feature of the DSM that the hybrid star maximum mass decreases with increasing QM fraction [37, 38] , and therefore in the following we will consider only BOB+DS1, BOB+DS2, V18+DS1, and N93+DS1, since only for those cases the static maximum mass is larger than 2 solar masses.
Universal relations and global observables
Universal (EOS-independent) relations between the NS moment of inertia I, the NS Love number k 2 , and the (spin-induced) NS quadrupole moment Q (I-Love-Q relations) are discussed in Refs. [21, 22] . Physically, the moment of inertia quantifies how fast a NS can spin for a fixed angular momentum, the quadrupole moment describes how much a NS is deformed away from sphericity, and the Love number characterizes how easy it is to deform a NS. These quantities can be computed by numerically solving for the interior and exterior gravitational field of a NS in a slow-rotation [18] and a small-tidal-deformation approximation [87] [88] [89] . Although the moment of inertia is a first-order-in-spin quantity, the quadrupole moment is generated by quadratic spin terms. The tidal Love number [90] [91] [92] is defined by the ratio between the tidally-induced quadrupole moment and the tidal field due to a companion NS, which can be calculated in a similar fashion.
One would expect that all of these quantities should depend quite sensitively on the NS EOS; instead they seem to satisfy almost universal relations when plotted against each other in the proper way. Universal relations have various useful applications in astrophysics, because the measurement of any member of the I-Love-Q trio automatically gives the remaining two quantities without having to know the EOS. The tidal Love number, for example, has been measured by Advanced LIGO and Advanced Virgo [12] , and by combining this measurement with the I-Love-Q relations, one can obtain the moment of inertia and the quadrupole moment of NSs in a binary system, which would also be difficult to measure from GW observations.
In the following we briefly recall the formalism, introducing the compactness parameter β = GM/Rc 2 , with G the gravitational constant and c the speed of light. Moreover we use geometrized units G = c = 1.
The moment of inertia I = J/Ω, J being the angular momentum, and Ω ≡ 2π f the angular frequency measured by a distant observer (pulsar frequency), the dimensionless ratio
and the tidal deformability (quadrupole polarizability) λ , Λ ≡ λ /M 5 , or equivalently the tidal Love number k 2 [18, [87] [88] [89] [90] [91] [92] ,
can be calculated in general relativity together with the TOV equations for pressure p and enclosed mass m of a static NS. We follow the method outlined in Refs. [2] [3] [4] , namely solve the system of four coupled first-order differential equations,
with the EOS ε(p) as input and c 2 s = dε/dp. The initial values are
and w R ≡ w(R), y R ≡ y(R). In the case of an energy density discontinuity δ ε in the EOS (hydrid stars with Maxwell construction or pure quark stars without crust), a separate finite contribution
has to be added to y during the integration, see Refs. [2] [3] [4] . The results have been compared with the output of the RNS code [93] in the limit of vanishing rotation frequency, and excellent agreement has been found. In the case of an asymmetric binary system, (M, R) 1 + (M, R) 2 , with mass asymmetry q = M 2 /M 1 , and known chirp mass
the effective deformability is given bỹ Λ = 16 13
with
The analysis of the GW170817 event [12] provided the data M c /M ⊙ = 1.188
, andΛ < 800 from the phase-shift analysis of the observed signal. The limit onΛ was recently updated to 70 <Λ < 720 [94] , but we will keep using the original limit in this work.
Results and discussion

Mass-radius relations
Let us start by discussing the mass-radius relations of the different EOSs we consider. They are shown in Fig. 1 , where results obtained with microscopic (phenomenological) EOSs are displayed as solid (dotted) lines. Moreover we consider the four EOSs for hybrid stars with M max > 2M ⊙ in Table 1 ), obtained by performing a Gibbs phase transition between the BOB, V18, or N93 hadronic EOS and the DSM QM EOS characterized by two different values of α = 1, 2 (DS1, DS2). They are displayed as dashed and dot-dashed lines, respectively. We observe that most models give values of the maximum mass larger than 2 M ⊙ , and therefore are compatible with current observational data [69] [70] [71] . However, the two hyperonic EOSs do not fulfill the observational limit. We nevertheless include them in our analysis in order to see whether they reveal irregular features elsewhere. Some recent analyses of the GW170818 Table 1 ), the predicted radii for a M = 1.4 M ⊙ NS span a range (11.6 R 1.4 13.2) km. Those values are in agreement with the ones reported in Ref. [98] , where an analysis of the results of GW170817 was performed by using a general polytropic parametrization of the EOS compatible with perturbative QCD at very high density. In Ref. [98] it has been shown that the tidal deformability limit of a 1.4 M ⊙ NS, Λ 1.4 < 800, as found in GW170817, implies a radius R 1.4 < 13.6 km. Quite similar upper limits have been obtained in [99] [100] [101] .
Interpretation of the GW170817 event also allowed to establish lower limits on the NS radius: The condition of (meta)stability of the produced hypermassive star after merger allowed to exclude very soft EOSs [95] and to set thus a lower limit on the radius, R 1.6 > 10.7 km [102] , confirmed by similar recent analyses [99, 100] in which R 1.4 > (11.5 − 12) km. An even higher lower limit R 1.4 > 12.55 km [103] has been deduced from the measurement of the neutron skin of 208 Pb in the PREX experiment [104] . Simulations with several different EOSs set also a lower limit on the effective deformability Eq. (11),Λ > 400 [20] , related to the black hole formation time and the accretion disk mass of material left out of the black hole. The latter was constrained from optical/infrared observations of the remnant AT2017gfo [105] [106] [107] [108] [109] . Small values ofΛ and therefore small values of R imply very fast black hole formation and little material left in the disk, which is incompatible with observation. A correlated lower limit R 1.4 12 km is obtained in this way.
On the other hand, smaller radii than these lower limits were deduced from observations of thermal emission from accreting NSs in quiescent LMXBs. In fact, by analyzing their Xray spectra, the observations seem to suggest for stars of mass about (1.4 − 1.5) M ⊙ a radius in the range (9.9 − 11.2) km [5] . Those results have been criticized in [2] [3] [4] : in particular the estimates of the radii are affected by the uncertainties on the composition of the atmosphere. If the atmosphere contains He, significantly larger radii are extracted. More recently [11] it was shown that when allowing for the occurrence of a first-order phase transition in dense matter (Model C), R 1.4 is smaller than 12 km to 95% confidence. However, R 1.4 could be larger if NSs have uneven temperature distributions. Clearly, no firm conclusions can yet be reached and we need to wait for new data such as the ones collected by the NICER mission, in order to obtain independent and precise information on NS radii.
We remark that this clash between large radii from GW170817 and small radii from quiescent LMXBs (if confirmed) could be resolved in the two-families or twin-star scenarios, in which small and big stars of the same mass could coexist as hadronic and QM stars [72] [73] [74] [75] [76] .
The moment of inertia I
Provided the validity of a universality relation, the moment of inertia I of a NS can be expressed as a function of the NS mass and radius, and therefore the radius could be determined if the mass and the moment of inertia of the NS is known [6, 110] . Dimensionally, the moment of inertia is proportional to the star's mass times its radius squared, so a measurement of the moment of inertia to a given accuracy provides approximately twice that accuracy for a radius identification. As already stated in Ref. [6] , estimating a NS moment of inertia from timing observations of a binary radio pulsar has significant implications for constraining the EOS. In some respect, a measurement of the moment of inertia could be more useful than a radius measurement of the same accuracy. However, the moment of inertia of a rotating NS has not yet been measured directly.
In Fig. 2 we show the normalized moment of inertia I/MR 2 vs. the gravitational mass M (left panel) and vs. the compactness β (right panel), for the same EOS as in Fig. 1 . In both cases the curves obtained with different EOSs lie within "universality bands," i.e., they are nearly EOS-independent. The universal relation displayed in the left panel, and indicated by a grey band, was quantified as a simple linear fit, valid in the interval 1 < M/M ⊙ < 2, I MR 2 ≈ 0.189 + 0.118
For fixed (measured) M and I and unknown R we have then
and thus the universality band determines R with accuracy The same holds true for the universal relation shown in the right panel, where the moment of inertia is plotted vs. the compactness β . In this case the fit for our chosen set of microscopic EOSs reads (grey band)
to be compared with the one reported in Ref. [2] [3] [4] , obtained with a larger set of EOSs, displayed as a blue band,
It may be noted that the fit vs. M fails mainly for large masses M > 2 M ⊙ , whereas the fit vs. β fails for hyperonic stars with low M max .
The tidal deformability Λ
We now turn to discuss a further important global observable, the tidal deformability of a single NS, Λ, see Eq. (3). Fig. 3 shows Λ as a function of M and R for the various EOSs considered in this paper. The information on the radius R is encoded in the colored segments of the curves. The grey band represents the observational limits derived in Refs. [12, 20] mentioned before, 400 < Λ < 800, deduced from a multimessenger analysis of the GW170817 event on the amplitude of tidal effects during the binary inspiral, combined with an analysis of the UV/optical/infrared counterpart with kilonova models. The black dashed line at fixed mass M = 1.365 M ⊙ indicates the masses of each NS for a symmetric binary system in GW170817, whereas the line located at 1.5 M ⊙ represents the constraint derived in Ref. [98] . One notes that the conditions M = 1.365 M ⊙ and 400 < Λ < 800 imply 12 km R 13 km, with the compatible EOSs V18(N+Y), UIX, V18, N93, BOB, DBHF in order of increasing radius (see also Table 1 ). Also the phenomenological EOS labelled LS220 fullfills the constraint, as well as trivially the hybrid stars constructed with DS1 and DS2 EOSs, which at M = 1.365 M ⊙ are still purely nucleonic. On the other hand, APR, BOB(N+Y), and SFHO (marginally) do not fulfill the Λ > 400 constraint.
The same kind of information can be derived also by displaying the tidal deformability Λ of a single NS as a function of the radius R and the compactness β for the considered EOS, and this is shown in Fig. 4 . As before, the grey band represents the constraints discussed above, and the different curves are obtained for the different EOSs compactness was introduced in Ref. [21] , and in Ref. [22] the following fit was proposed
which holds to within 6.5% for a large set of NS EOSs [22] . 
The comparison with our EOSs is shown in Fig. 5 (left plot) and confirms the validity of the fit (grey curve). The bottom of this figure shows the fractional errors between the fitting function and the numerical results, and they amount to less than 1%, being a bit larger for EOSs including hyperons.
The quadrupole moment Q
A further universal, i.e., EOS-independent, relation involves the moment of inertia I and the spin-induced quadrupole moment Q, as proposed in Refs. [21, 22] . This relation was derived in the slow-rotation and small-tidal-deformation approximations, leaving open the question of its general validity, faced in some successive papers [111, 112] . Here, we analyze the validity of this universal relation for our set of microscopic EOSs.
For analyzing the field equations of the rotating NS, we use the RNS code [93] , which assumes steady rotation and axisymmetric structure. Therefore the space-time metric can be expressed as [113] 
where the potentials γ, ρ, β ,ω are functions of r and θ only. The quadrupole moment calculated using RNS has to be corrected [114] [115] [116] and is given by [113, 117] 
where Q RNS is the quadrupole moment calculated by RNS, M is the mass of the star, and the parameter b 0 is given by
Here r eq is the value of the coordinate radius at the equator, s = r/(r + r eq ) is a compacted radial coordinate, µ = cos(θ ), P(s, µ) is the pressure, and T 1 2 0 (µ) = 2/πC 0 (µ) with C 0 the 0th-order Gegenbauer polynomial.
In order to investigate universal relations, the following dimensionless quantities were introduced [112] 
In Fig The other curves represent the refined fits given in Ref. [112] , where an explicit dependence of the above coefficients onf , or alternatively on the parameter a ≡ IΩ/M 2 , was introduced for the range 0.2 <f < 1.2, 0.1 < a < 0.6, 1.5 <Q < 15:
with the parameters A i j and B i j to be found in Ref. [112] . One observes that also for our set of EOSs the fit works very well, the relative deviations remaining below three percent in most cases, as shown in the lower panel of Fig. 5 (right) . As motivated in Ref. [112] , this allows in principle the determination of the NS radius appearing in the definition off = 20R f , if the correlated quantitiesĪ,Q are sufficiently well known.
Conclusions
We have confirmed the validity of several universal relations among the moment of inertia I, the tidal deformability Λ, and the quadrupole moment Q, as proposed some years ago [21, 22] . In particular, we have examined several microscopic EOSs obtained within the BHF approach to nuclear matter, along with the well-known variational APR and the DBHF EOS, and compared with two phenomenological relativistic-mean-field EOSs, LS220 and SFHo. We have also analyzed the BHF EOS for stellar matter containing hyperons, as well as hybrid stars with quark matter at high density, modelled in the Dyson-Schwinger theoretical framework.
We have demonstrated that the microscopic equations of state derived some time ago in the BHF formalism and based on meson-exchange nucleon-nucleon potentials and consistent microscopic three-body forces, are fully compatible with new constraints imposed by interpretation of the first observed neutron-star merger event GW170817. In particular, they respect the lower 2M ⊙ limit of the NS maximum mass and feature typical radii between 12 and 13 km, constrained by tightly correlated values of the tidal deformability Λ. The same holds true also for the relativistic DBHF EOS.
The detection of gravitational waves by the LIGO/Virgo collaboration in 2015, and the successive binary neutron star merger event GW170817, opened a new astronomical eye to the Universe, and NSs play a key role in this respect, having the potential of being extremely prolific gravitational wave emitters in terms of expected detection rates. Therefore we are looking forward to more refined constraints to be obtained soon from further merger events and new facilities.
